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@) F =
¢ F = D sun(m?d) . e e (uh)
@© F = C s(w2) + 0 Sum(mn) T O )|

(W Selwreews fov G

G- ,P:(’c) _ whexme,. bz Cn O e (u3)

Wc\»&w (40) owe e  Hwer possalole selubiows for R
it tomsbomks A amd & kw\;v\ﬂ Aflovent valuwto for
Aiffevent v, Sumer e expeed Al aproN Y odeiom e

poremt el of o bodyy to deeveane Uk menveoning

Alttames fvom Hhae body , fiw dhe Soludaen R= Ad”
(beamg o pont of Hao soludton for V) weudd weaa

V entosung vt tneveasing dishtomer . Tds selubon
fov B 5 thevelove  wadmuissodsie

%w»bb et owve o \MMQ?/ nirona o e 0? %o\w‘—w
‘o (%b) h:ol\"l DR s O\,V\A Lo \/6 o %o\w’c«.:o'»\, ‘o (33)

N the Suam b also o Soluhiow , WZwem o
- 12}
Ry = L r‘(“+')> e ()

U&M g un ax wwmﬂ, o Soluk con to (37) s

o

o0
FO) = L { Cautm(m) ¢ D sl | (o)
=
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(¥3) , (4B) oamd (ua) o5 ger (3) amnd (35)

, 025‘”% Ak sslud e for e exbewrnal oprow ok comal’
\OQ,\:&AA{\:A;_QE_\; - S

o AL__M._E‘__T ,Zg ? (k)i a CoS(M 5\) + \o Sm(m‘ﬂ} ‘-:_‘({;97)

Wheve O Wbr ol ow So_pwml%, constants.

(see _Measkomem & Movita (161) | p 11, eq 1-5ub )

1

ﬁav () s o So\uvl-uo—vv_o? chp\ovc!/.) ecvm VYV =o
omd, U known as o SPHERICAL. HARMoNIC  SERIES

oad Sy Senien %{LWW ome Q/)c\-vQ/wv‘L\V}f wse fant
e ogodeoy  wsheve Akt e be wsed to dwelop

CEOPOTENTIAL MODELS of e Eowth

%Vk WWM Y= M\A/\'(/X , e PO\'O/\N\-—\/&V\ \]‘((',e!')\)
C,M/\‘D.Q/V'Q/PV‘Q/DQ/\A—\'LO\ oOhH O c«,v‘\ou\—v‘ow‘vk W\'—\M ‘F(Q")\)
ow e Suwfoce of o waid spheve . Such o Loumek o
com be wm&u ubo o Sewiza of SORFACE SPHELICAL

WALMONICS

S ?:(h)ia:‘ o8 (M) + b‘f\‘s@(mm)} - (51)

=0

f(e)

s Mg

o
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w
LECENDRE FONCTIONS AND  PoirynNoMIALS P ()

, Pal®)

The ossocioked \_ep\wxo Lometion of o vowrelble
+ =t 6

, Pn) ave deluned by

AN T

---- (512)
’7-““\. n+ v

11

P: (&)

*

amd P (%)

It

"
“+
2
3
S

SXW\L; n=t  m=1
i :L‘/‘l 1
P) = L (=) 4 ()
2-1 dr*
= L yi-t* o2
2
P:(t) = J‘-—\Z’L = Sg,,,'\,e
?,xw\e: w:'},’ w = 1
1 1‘ .5 . 3
P (6) = o (-4 A (&)
2% 3! a7
= _\_(\—{l).-\lo"f,
U

BRt) = wE(-t) = (5w S O

o d Pl ty = (\- ey = S B
Pr(t) = (3t -1) - G (v 3 cos 26)
Pr(t) = 3&(\—&‘)‘/’“ = 300 S O
PEYy = 3(i-t7) = 313070
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The sew\ case , 1shen wm =0 Q/{,\m, cige Yo
Legemdre po\ww
v [§]

A (T -~ (53)
2% nl

Pot) = O.(&) =

ome  fov L = ¢« 0 m@:%(m—&;s’le)

C®® = L(3mB + Cos 30)
s

PLE) =

.8y = = Cos ®
(1) = E(3%-1) = (1 3 ces 18)
Py (1) = L(stP-3%t) = L(3ces® +5Cos 36
N"\‘M PZ<t) = 9,(%) {e,' Shenw mzo e oassoeated
Prie) = P,(4) legendwe Gometoon s
PLt) = P (k) e Legendve 'P°\WM\

M&pu&@ sQ O’WW (52)  oud (B3)  Shed
Yo, ossecieked ,L,e.%vwéur’e/ Wwwvb Cowve velected o
LQ/%O_/V\,&JV‘Q/ Po\ww&b \:)\,«K,

m q_w{/ M
ey = (-7 AT e (t) e (54)
A*‘M
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Tn pwo\,osm,'c_,a\ o\,\op\,'«,po\,l-«;o—y\/s, Laawév‘& -Q«wc/\-«,o—vvs

oure CLowVpuer,el/ \o\/?j (ECOLRENCE  FoRlMULAE | e ?—o\\mM

ove  Sounr  Lundomental vdlokiows  frewe Shoce
otheaars ey be demwed

(1w+i)t Po o (nam)Pry 4+ Cnoma)Par . (55a)
wL Wty mt!
() w Py = P = P o (55b)
wv -l m =t
(m+)w Py = (newm)(nem—)Puoy —(n-mer)(n-m+2) Py .(55¢)
<7-"“"‘)V‘} _B_P:\ = (V\+')(V\+W\§ P:A__l - h(h—m-&-\)ﬂ:\ ...(qg;)
n
wWher e
$ = Cos O d Po= P ()
\A’} = \- ":1’

oéoovb,
e vecunvvemce -Qd"f’vvvv»,\,a&r\ com be found o Wame | T.X.

omd Gwo, D, R. (1982) * Specaal Funelions ", Weor1d Seremtife

Pw\oki/é,w,c»o-, SWWL,/ Pp. 139 — LWL, M’ ot e

used buy Wamg & Cue (omd ofher vefevemce *Mfrs)

Comcdluwdes o wweflieient -0

P PR

o

- Yo L
Pr) = (-0 (=€) 4" P (4)
MM
sund e delinitiow of ?:\“(’C) wsed U~ dhese wnoten

omed ot cod e Yexks Aoen not  (see eq.54%)
A Y “4

hern vecuvvomee forwmada oy dfCen \ova_ o
epeflieient of (-1

ovder ove ‘uwolved.

When  tewws of VMM o
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CompuTATionN o0F LECGENDRE FudceTions

Consder Mo computakien of Legemdre funetoms

‘o Ao.%we,e, ore ovder  Lwe (8) fFov o QM\-«'/W\M
Qoi»w\-—

Tn Supmbolie fovue | Aht Leqendee fomebions P (1)
v QM\‘.‘S PV\ cor b MV‘M.aSe,c) [-VA)

order
v\M o ! 2 3 % 5
. | Ps
4 PP Przo  for nym
& o { T
3 2 P'L P'l P')_
4 i
g: 3 | % B P;,L Pz
a 1 Y
o | Pa Pe Po Py Py
a 1 g
5 | P e Po PSP P

Fig. 1 Legondre Fumeh ot
Frowme (55 a) V‘Q/P\M no ot et %,\,\;w

(In-1) % P:: = (Y\—l-M—\)P::q_ +KV\—\M)P,\

e R - —
Py\ = Tn -1\ ": Pn.—; - n+w -\ Pn-q_ »-':(‘;G a.)

n-m n-w

7 w
oL Yelauaamveamce o “:wm\a, go-v‘ WWLM PM Shea V‘L\;W\
Qwo\/'M P:‘—-\ o d P:\n,q_ oN L Koot .

Fo v =0 , P:=\ amd PT:*‘ Comn bo U\/SQ/C\ 4]
“geede” bo  shomt o cal et ok coma o Pr

wi=0 .
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e Am,pb,o«m\ \-Q,GBQ/V\—AV‘G/ W\'\Ms P:r \M.cuxzj be

wA cyuou«/ﬁ " " "
('lW\"‘)WPV\ = P\r\+| - Pv\-l

we,?\wa n osath m-t %/we/o
m-
(1w ) w Pm—\ = Pm -~ Pm_l

omd  Sumece e ovder eall be a\wqybzs odMe/&,\e/\/‘ Mo Hhe
dwdww we e last  tevwt ow the m'gur hawd Stde aof {ke
Wlm:o—w ,-'Oc s ens \QVB’ ALW\/Q)W ( P:: =0 ghoanw m >V\>

e e e

m

P = (Zwm-1)w P:::: - (56 b)

Nowd | wbung (56b) the §Cuonsh Coomelbion wn thes next
Col (*\kb W\ &\bwww»%) cam be C_mvv‘:)u,\—e,e\

T Sc/\f\,Q/\ANO\«‘\’\:/Q ?—o'v‘w\/l e c,c—\M,Pq_,u\-e,A ,LL%Q/V\AMQ,/ W*M
owve S\»\D’\»& '“N\A/S('\') ot Ale MW WW (03

me
N \ , To tompute Hhe P tions
N o e nexd co\uvwvw” (m=1)
el o N e Ao favst boe values wmust
Nooe e be knersn bk M\VZS 4l
Nooe e e W doment s kmorsn
N e e e ob it stogqe.

A recuniance vokabonship cam be wotab Losheel
Unkamg rwo of Hie Valaats shotn obove ;| H30 arve




29.
Tue GRAVTY FIELD OoF THE EARTH

{

(Ln+)w PM = P:\@\, - P:\Vil

. - oue \es$ "fw N B

. & losly terwt on Ahe. right- honmd - Side
e cove sl be 20400
™m

Pa =0 Shen wiw

%mw

-y Cfer  n= omed (BB e)

4 — '
e ,,,,A,.‘L._ l‘ OV)Z w'g ‘M’q., , ;‘ — 'D,Lc»oyzhé,}\ eloaments ?m
s e ] ~

ﬂ,x | W\A-XQ/A'MM ,Q%»b)
~ Naluen N‘.’) e

< PN

RS P SR — % duagoned elementt
3 AN

L, —p—e— 90 -0

) |

Y49 —0 — 06— 0 —O -

g_i_t__t_i:.\?i. — otler eleaments wu&u&

S wbuma (S6a)




—— DEGREE

30,
THE GRAVITY TlerD 0f TRE EARTH

(=] \ -] "
Fov Melboumne ¢ -7 5 oo A: E (44 °53 oo u W= o-000m

o the GRS %0 e,(bqosO'uL (o= 6272137 000w | ?=‘/’M8-1‘37’L‘L7_1008%1§

Ao o‘)o/oc,e/wk-v"w CM\-QA«;MJ toovd s onve

¥ = = %13 Bio. 563 wm.

N o= 1896 Tod- ToR w -

1T = =%38%719%7- 165

v o= G170 w5 Roo

P = 17° 16' w9 5994 ge,ocewv\—v"vc, co-latilt ude
o= =377 36 49599y " labik nde .
L= ce»n O = ~6:610 325 o

w= Suw b =

0.71970 ‘4l 9072

Te ossociaked Legemdue (SPPIY BYSIPA P:(h) fo Aaﬂv‘u, § ovdes W

m=e ORDER —*
n=o f M=t
nel | -0-Gia 135664 | 0.707 142907 m=1
n=1 0—0‘5%’(64—%—%4'ilt.u-r,omcalon \|,ggf)_4—”mn_ mz1
n=1 Vo%w’ru%'n@ '”\.014%1043 \-s--mq-e%%m \7-‘4—%‘5%011% m= 4
ne \—ownw A1l 1 \o»ww%%%l") \‘T-%;‘% 49T 36l 1%!-8‘314-%%0(8 \mnw% 133 2%%

cheek voluen

Pl(y) = 3wt po(t) = &(354% 30t +13)
PRy = 3t i) = 2(14 -3t)w
Pit) = Y4 (547-3) Pr(e) = B (TE - )W
Py(t) = Fu(5tr-r) P2 (k) = 105t W

Py (L) = 15tu P (L) = 105w

Pr(t) = 150

Chacls valnes fvome Takle 3.1, p.uB, Mather, 2,5 (1911) " The omalepsus

of te Cowils Cw'c;wb\-u?f Field ”/ Sehoo! of SM\/W, Dm'vw%‘«vb, s
New Seoute Wales , \(,M\/S»\Mﬁ'\‘o-'w, NSwW .
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(pc\xam\owu\‘mk ov chSoMeA QW—W) b %/wezw o
Welsloommen b Movibg (1967) , .24 , eq. =62 ot

w wh " k | n-m -2k
Palk) = G- Sy (2m -2k ). t - (57)
2" k=0 k) (n-k) (n-m-2k)
tShere nomt (n-wm) evem
2
"= .
n-wm-—1\ (V\—W‘/) DAVA.
2
Fov exw\c P:_(’c) Sheve 1 = &2 8 0 = 1177 4a'
n=4 wm=1 v o=\

—0
Foe
~
-
—
i

(\—’Ll)ﬁ (—1)‘)‘8‘, Lt N (-[)‘g[ 1° %

2* o! ""',7-(. el sl

7(\—13’) Lpo%’).()ﬁ'\',l' - To
1c 4“2 G

P:(’c.) = T1-6%0 676 61t
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ORTUOCONALITY RELAT(6NS  of LECENDRE FuNCTONS

CO'V\-Q«AQX e %Wm\ %w\/\ga\&&/ Sp\«@zv‘\/(/a/\ \/\O\MMQ o(;

deopreRs  w (see o,ﬁvk,Jw Gt )

8

S o0 [ "
Cfen) = Y Ya(83) = L L {4 RL(eA) « b Shem Y (s2)
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=
»
=
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velediond  weam ot %kx)u&a@flcvu'\kb _umat spheve

(voadams =1) of e (\D\/‘DAA&C}OQ- oy Moﬁw%%\‘

wm W
, _Ru ov Sn_ w6 _geno.

1
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5§ &) R(ep) A -
6. WCosxn sv rxm oo both

[ stepy i s
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For the prodaer of ko W Pometions YZ:\ ov Q:\W

[§ feeml o =

o In+ i

§

.- (et)

(el ar = (sl ar = 2T (ewl

s 5 I+t (n-wm)!

Note thet fheve W wo g:\ SM Loromnm (59b)
(B A) = Palt) Sim(on) = o

Lo fovmonlos (60) and (60) Hhe dowble (nkegral §6§

. ovex
S\'W o m%zoxva)e\mv\&(; e Sumfoce of
o Sphemve ishese demenk 50 avea do = Suw 8 B I

AL
6
et N 0048
i

\ \7\*-6»’)\

R8u.0dn

Nowo | Yo deker mane the COQ/QWS a,w: P bh:\ i (52)
matbioli bo¥ Sides Wee Lion bn o cevban

L‘f" “y . \ o&l‘ e/ovu.o./ % ‘ OAM
Comdeon  Rg (6N)  omd vw%e/egv‘ov\-e/ over thes umnalb
spheve Yo ox'\»/b
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2

§f semeien) o = o) [§ (RN do

V]
hoting that wv fhe double ubegral on the vight-hand scde
o\ Fevwmas  except the one vt =S wmzr sl

Vorash o\,u,crv‘o\mﬁ bo Yt wﬂw%/o%a/\/\,\-vb velol cons .,
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e Y

"™ 1w+t (y\—w)\, SS {3(9[%)‘2,:(8}) a5

&y, =
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ﬁf - (n+m)! 5
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CoNvENT onAL AnND  Furry Noamarizep MHarmonic$

Fov eowe of wvaw(—w\-—\,ow w PV-W\ O—(DP\A;Q,MS
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S:\w b defae . sudh et ds avevaqe swu) Vol e

over e Suwfote 5% o wmak spheve v wvv‘dr.,(\,, e

;_:Sg(—RV:YM . ;:’@Sg G = 1
v

( tSheve e oavwwaqe = {,v\l-e,oxra»\ dowided b‘?{ ome o L&-'\T)
s AQ/MLU‘-V\/ Mowsg (58) ta be wvihew an
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fen) = 2

o fya

5

aSheve the P&S\VK",WMM@ coelficiends ave

Car o= (e e b

)
V)

—(6%)

e [Peen Bl s
&

(V\O-\-M Kot hove s wo Se,Paw‘pv\-e/ Covmmaton V‘WQ,A

fose a, ob theve waoe When WU«/‘(M\ IO A A

W W

Loonitions R ,SV\ Wewe wsed > P
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CG‘VWM«M\ om.d ‘—r\/\,\\v?Jr WO‘V‘MOJ\A/)DQ/C! WWS oMe
Y‘Q/(.OJCQ.A \9»\/5,’

Ru (62 ~\/h(1 )(V\-M)[ R () o)
= n+t v (GO

) AR EEWCRY

Comvenkional omd B?w,\\,v,,}f WMMLA Leqemdve Cometronsd

_owe veleked by
P ) = [ k(zwe) —— P () o -~ (67)
(ntwm)!
Cond  Convantione and FW\\Vwama)uq’ui coeffiotenbs
- 1 (e
A B e T I B e (68)
,,,,,,, . {7 JR(@an)(a=w) | ™
o Shewe . Rzl Shew W =0
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Suerace Seuepucat Hagmonics — Tonal | TeSSeRat | SecToriaL

e c&ww:ﬂ S fore spkww o ma st of Augve,e/ nw

Come e wvikom an Y el Contorns (2n+r)

vaw'\,c,o»\ Yerwss (Sw eq, 61 oume °q. 56)

"o
Y, = S P:(t)(a’: Cos mA + \o':s@ m’x) e (58)
w=Q

,,‘,0.4:&(3/,,,,,; oD oo wava‘t ,,,( ?:O\M,Qc,v‘é 9%, p,’{&q-) for w=2

 Ahewxe. owe 5 terms

Yo = Pa) 05+ Pa)(a) es % by 8un)

- s R,E(t)(a“l s 2N+ by S«,Ln?\)

- Sunale howwmouse terwms  of degree w omd ovdexr w

,,,_AQ_W:{x,,,, ~ fer example

NS = Py ag
D A A ) N S

B T O AT N T
Xy = ) (ea) o o
,,,,,,,,,, vy = P astn v by swd) ) -
Y = B (8 ek by s

Ve = kW) (ay) |
Yy = P oy + by Sn )

= fw)(0h t1h + by suw 1)

Y2 o= ) (@) wo 3 £ oy Suw BN)
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T O_)wwxe)rv‘.pc/ wq/?wm%/\-w\—'«m of  SPuEgicAL HARMontesS s

QWPGW¥AMA. Wowrmeoies toth mwm =0 ,&v
o e o " -
Yo = Po O Sheve ?\M = Pr\ ({“5
O - W = wefficient
\\/q_a = P; C\,;

Yy = Py oy

vo- A chonge Aean S\éé/w N romes w Hee underval 0 g0 ¢
omd owve \)\AQ{WW\- of N Simce fheve owme no  Suw A
o toyN terws v the howrwmenics . This hao the effeek
o MM he  sphere ko oo namber of 3eneo oome
fov s veosown , hormesnac rerwms Sheve wm=o ame
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As o Q)(Ouva\b, o ‘3% Ae,cb,ve_,e, W\ \«MW (n=5)
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1.0

-1.0
. — ¢t =cos@
Cvemn Po\véwxowvuai,é P, , ?q: P,q_ , PG
Lo
iR (t)
,3 051 I,D
i R =)
-10 5 f * 0 70
5
j B 1 5
05+ .
o
1 t=0.53 4 5
-1.0
. — ¢=cos@
odd PO\VKY\OWA,L/S P, , P,& , Pr’ , P.,

Legendre’s polynomials as functions of t = cos 6. Top, n even,; bottom, n odd.
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N Fumes wn the nbevval —igb=am® ¢t v o0 <B ¢




bo.
Tue GeAViTY FlELD oF Tue EarTH

pnd e hormoenac Y.; oM be Po%\'\;/e/(+¥oe> e
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Fully-normalized coefficients for the
Geopotential Models: EGM96 and OSU91ALF

¢ EGM96 geopotential model to degree(n) and order (m)
The coefficients C{(n,mn)

aaaaan

and §(n,n)

4.

are fully-normalized.

The geopotential model has GM = 3986004.415E+08 m**3/s**2

C(n,m)
.000000000000E+00

a

= 6378136.3 m

S{n,m)
.000000000000E+00

.000000000000E+00
.000000000000E+00

.000000000000E+00
.000000000000E+00

.484165371736E-03
.186987635955E-09
.243914352398E-05

.000000000000E+00
.119528012031E~-08
.140016683654E-05

.957254173792E-06
.202998882184E-05
.904627768605E-06
.721072657057E-06

.000000000000E+00
.248513158716E-06
.619025944205E-06
.141435626958E-05

aaanoaaaqaan

.539873863789E~-06
.536321616971E-06

0.350694105785E-06

.990771803829E-06
.188560802735E~-06

and S(n,m)

.000000000000E+00
.473440265853E-06
.662671572540E-06
.200928369177E-06
.308853169333E-06

OSU91ALlF geopotenEial model to degree(n) and order (m)
The coefficients C(n,m)

= 4.

are fully-normalized.

The geopotential model has GM = 3986004.360E+08 m**3/s**2

CT(n,m)

.000000000000E+00

a

.000

= 6378137.0 m

S(n,m)
000000000E+00

.000000000000E+00
.000000000000E+0Q0
.000000000000E+00
.289607376372E-11
.139990174643E-05
.000000000000E+00
.249431310090E~-06
.620437816800E-06
.141470959443E-05
.000000000000E+00
.474065010407E-06
.663967363224E-06
.202148896490E-06
.309704028950E-06

o]

.000000000000E+00
.000000000000E+00

.484165532804E-03
.857179552165E-12
.243815798120E-05

.957139401177E-06
.202968777310E-05
.904648670700E~-06
.720295507400E-06

.540441629840E-06
.535373285210E-06
.350729847400E-06
.991080200230E-06
.190576531700E-06

¢ end of data
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